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Abstract 

o 

■ In this paper, we continue studying the 6-dimensional pseudo-Riemannian space V e (gij) 
with signature [+ H ], which admits projective motions, i. e. continuous transfor- 
mation groups preserving geodesies. In particular, we determine a necessary and sufficient 
condition that the 6-dimensional rigid /i-spaces have constant curvature. 

o' 

Q 

4 

1: 

1 Introduction 

> 

in . 

The general method of determining pseudo-Riemannian manifolds that admit some non- 
homothetic projective group G r has been developed by A.V.Aminova [A]. A.V.Aminova 

o ' 

has classified all the Lorentzian manifolds of dimension > 3 that admit nonhomothetic 

O 

projective or affine infinitesimal transformations. In each case, there were determined the 



corresponding maximal projective and affine Lie algebras. This problem is not solved for 
pseudo-Riemannian spaces with arbitrary signature. In the series of works, we investigate 



^ ■ the 6-dimensional pseudo-Riemannian space V 6 (gij) with signature [+ H ]. 

Remind that in order to find a pseudo-Riemannian space admitting a nonhomothetic 
infinitesimal projective transformation, one needs to integrate the Eisenhart equation [E] 

hij,k = ^9ij^,k + 9ikf,j + 9jW,i- (1) 

Pseudo-Riemannian manifolds for which there exist nontrivial solutions hij ^ cgij to the 
Eisenhart equation are called h-spaces. It is known that the problem of determining such 
spaces depends on the type of the /i-space, i. e. on the type of the bilinear form Lxgij 
determined by the characteristic of the A-matrix (hij — Xgij). The number of possible types 
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depends on the dimension and the signature of the /i-space. In our case of six-dimensional 

spaces V 6 with signature [+ H ], there is a variety of possible types. We restrict 

it considering the rigid /i-spaces: /j-spaces with distinct bases of prime divisors of the 
A-matrix are called rigid /i-spaces [P, Z]. In the papers [Z1]-[Z4] (see also [Z5]), we found 
6-dimensional rigid /i-spaces of the [2211], [321], [33], [411] and [51] types. 

For further study we need a necessary and sufficient condition of constant curvature 
of this /i-space. This condition is known to be expressed by the formula 

R) kl = K{5 k i g j i - Sfgjk), K = const. (2) 

Since the projective-group properties of the rigid h-spaces of the [21111] and [3111] types 
have been investigated by A. V. Aminova, we do not discuss them here. 

2 The /i-space of the [2211] type 

Let us investigate the /i-space of the [2211] type. In this case, metric has the following 
form 

gijdjda? = e 2 (/ 4 - / 2 ) 2 n a (/ CT - f^Adx'dx 2 - A 2 ^(dx 2 ) 2 }+ (3) 
e 4 (/ 2 - / 4 ) 2 n CT (/ CT - fr){2Adx 3 dx 4 - A 2 Z 2 (dx 4 ) 2 } + ]T e^fi - f„)(dx°) 2 , 

cr 

where 

A = ex 1 +9(x 2 ), A = ex 3 + lo{x 4 ), (4) 
Si = 2(/ 4 - h)~ l + - /2)" 1 , £ 2 = 2(/ 2 - U)- 1 + Y^iU ~ h)~\ 

a a 

/ 2 = ex 2 , f\ = ex 4 + a, e, e = 0, 1, a is a constant nonzero when e = 0, f a (x cr ), 0(x 2 ), 
lo(x 4 ) are arbitrary functions, = ±1. 

Calculating components of the curvature tensor of our /i-space, we observe that the 
nonzero components are 

R b p a p cp = Xp9b p c p , (5) 

R-bpaCp = PapQapbp T _ , F '^p9a p c p ^l ' , (Cp 7^ &p); 
Jo- jp 

J a Jp 

or _ Prpjfr ~ jp) ~ Papjfa ~ /p) , , \ 

Jr Jcr 
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R a q b p b q — {Ppq9a q b q ^ A q9a q c q ^l q }^ b V p 
i £ (*' - Ppq) 

{C p / b p ,C q ^b q ,p^ q), 



where 



(JjJ . ~ , . 

Xp = B p + p p , B 2 = — 2 — , B 4 = — , A 2 = A,A 4 = A, (6) 
A z gu A z g 34 

pp= 1^ pw - 1^ _ , (7) 

i (/;) 2 

4 7)7 ^ CT (/y ~~ fp)(f~/ ~ f 0)977 
Here p,</ = 2,4, <j = 5,6, the indices 02 are equal to either 1 or 2, while the indices 0,4 are 
3 or 4. 

In particular, from (2) it follows that 

pi t><t t)3 jjcr Tjl r?4 r?3 r>2 

n 112 — rt \c2i -"334 — -"30-4; -"112 — -"142 5 -"334 — -"324- 

Substituting components of the curvature tensor into this equality, one obtains 

(X2 - Pc2)9Vl = 0, (X4 - Pai)934 = 0, (X2 ~ P24)Sl2 = 0, (\A ~ P2a)9U = 0, 

since 512 / and 534 / 0, then 

X2 - Pa2 = 0, X4 - P<r4 = 0, (8) 

X2 - P2A = 0, X4 - P24 = 0. 

Let us prove that the condition %2 — P0-2 = is equivalent to the conditions 

P2 ~ Pa2 = e = 0. 

Indeed, differentiating the equality 

X2 - P<r2 = P2~ Pa2 + "fj = 

-4^12 

with respect to x , we obtain e = and, therefore, P2 — P0-2 = 0. Inversely, if p 2 — p a 2 = 
e = 0, then X2 — P0-2 = 0. Similarly we can find equivalent conditions for other relations 
(8). 
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Let us prove that the necessary conditions of constant curvature of the /i-space of the 
[2211] type, 

Xp ~ Pap = Xp~ P24 = 0, (9) 



or equivalent conditions 

P P - Pap = Pp~ P2A = e = e = 0, (10) 
are sufficient. The relations that follows from (7), 

dapp = -fa f diPp = d 3pp = 0, 

J a Jp 

f I 2 f I 2 
q p _^ Jjj q p __£_ ^""^ J_£_ 

(j (fcr ~ /p) 3 fl , o-(7 2 ^ (fu — /qr) 2 (/<T — fp)9(JO 

where p / q, e 2 = e, €4 = e, along with (10), lead to the identities 

Xp = Pap = P24 = Pp = COnst. 

Using these results along with conditions e = e = 0, one can prove that components of 
the curvature tensor (5) satisfy conditions (2) with K = p p = const. 



3 The /i-space of the [321] type 

Metric of this h-space can be written in the form 

g ij dx i dx j = e 3 (/ 5 - ex 3 ) 2 (f 6 - ex 3 ){(dx 2 ) 2 + 4Adx 1 dx 3 + (11) 

2(ex 1 - 2A^ 1 )dx 2 dx 3 + ((ex 1 ) 2 - 4ex 1 .4£i + 4A 2 £ 3 )(dx 3 ) 2 }+ 
e 5 (ex 3 - / 5 ) 3 (/ 6 - h){2Adx A dx 5 - ^A 2 (dx 5 ) 2 } + e 6 (/ 5 - / 6 ) 2 (/ 5 - h) 3 (dx 6 ) 2 , 
where 

A = ex 2 + #(x 3 ), 1 = ex 4 + Lj(x 5 ), (12) 

Si = (h ~ ex 3 )' 1 + 2(/ 5 - ex 3 )" 1 , S 2 = (/ 6 - ex 3 )' 2 + 2(/ 5 - ex 3 )" 2 , 

2£ 3 = (Si) 2 - S 2 , S 4 = 3(ex 3 - /5)- 1 + (/ 6 - h)~\ 

fi = /2 = fz = ex3 -> fi = h = ex 5 + a, /g is an arbitrary function of the variable x 6 , 
e, e = 0, 1, e 7^ when e = 0, and, inversely, e ^ when e = 0, a is a constant nonequal to 
zero when e = 0, e 3 , es, e$ = ±1. 
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From (2) one finds 

fll23=-Hlr3. (r = 5,6). 

Substituting into this equality the corresponding components of the curvature tensor of 
our /i-space 

^123 = X3913, Rl53 = P53913, ^163 = P63913, 

where 

X3 = 16^ + P3 ' (13) 
P3j P53 and p63 are defined by formulas (7) with p, q = 3, 5 and c = 5, 6, one gets 

(X3 - Pr3)ffl3 = 0. 

Since 513 7^ 0, then 

X3-P,3 = I ^+P3-P, 3 = 0. 

Differentiating the last equality with respect to x 2 , one obtains e = and, therefore, 
P3 ~ Pr3 = 0. Inversely, if p 3 - p r3 = e = 0, then X3 ~ Pr3 = 0. Since / 3 / / 5 , from 
P3 — P53 = it follows that /g = 0. Substituting e = into the relation 

RI23 = 1913 + + ^ (<?' - eV) = 0, 

where i?} 2 3 = follows from (2), one finds 



From (2), one has 



Therefore, 



7 = -l E W\ =0 . 



-^445 — -^4s5> ( s — 3, 6). 



(X5 - Ps5)545 = 0, 

since for our /i-space 

R445 = X5945, R435 = P53945, R%5 = P65945, 

where 

X5 = 7 ^ + P5- (14) 

Since (745 7^ 0, we obtain X5 ~ Ps5 = 0. Similarly one can prove that this condition is 
equivalent to the conditions /g = e = 0. 



Let us prove that the necessary conditions of constant curvature of the /i-space of the 
[321] type, 

X P ~ P6 P = X P ~ P35 = 7 = 0, (p = 3, 5), (15) 

or 

& = e = e = 0, 

are sufficient. Note that from (15) and (7) (p,q = 3,5, a = 6), (13) and (14) it follows 
that 

Xp = Pp = P6p = P35 = 0. 

Calculating the other components of the curvature tensor of our /i-space and substituting 
them into the last equalities, one gets /i-space of the constant curvature. 



4 The /i-space of the [33] type 

Metric is determined by formulas 

g ij dx i dx j = e 3 (/ 6 - f 3 f{(dx 2 ) 2 + AAdx 1 dx 3 + (16) 
2(ex 1 - 2AZ 1 )dx 2 dx 3 + ((ex 1 ) 2 - 4ex 1 A£ 1 + 4A 2 Z 2 )(dx 3 ) 2 }+ 
e 6 (/3-/6) 3 {(^ 5 ) 2 +4i(ix 4 dx 6 +2(e2 4 +2l£^^ 
where 

A = ex 2 + 9(x 3 ), A = ex A + uj{x % ), (17) 

Si = 3(/ 6 - /3)- 1 , S 2 = 3(/ 6 -/ 3 )- 2 , 

f 3 = ex 3 , fe = ex 6 + a, e, e = 0, 1, c is a constant, a is a constant nonequal to zero when 
e = 0, h,ji = 1, 2, 3, i 2 , j 2 = 4, 5, 6, e« = ±1, 6>(x 3 ), w(x 6 ) are arbitrary functions, nonzero 
when e = and e = respectively. 

Nonzero components (b p + ^a v < bp), R^, R& l5 , R& l6 , R^ 3 , R^ 2 , 

of the curvature tensor (p = 1, 2, ai, b\ = 1, 2, 3, a 2 , b 2 = 4, 5, 6, u and (i are the indices of 
nonzero components of metric g vll (16)) are proportional to e or to e. In particular, 

02 _ 3e 2 5 _ 3e 2 

^123-^-^456 -—- 

The equalities R 2 23 = Rf 63 and R% & = -R 3 36 obtained from (2) lead to e = e = 0. 
Obviously, when e = e = 0, all the components of the curvature tensor of the /i-space we 
consider are equal to zero. 
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5 The /i-space of the [411] type 

Metric of this space is the following 

g ij dx i dx j = e 4 U a (f a - ex 4 ){6Adx 1 dx 4 + 2dx 2 dx 3 + (18) 

2(2ex 2 - ?,A^ 1 )dx 2 dx 4 - £i(dx 3 ) 2 + 2(ex 1 - 2ex 2 Z 1 )dx 3 dx 4 + 
4((ex 2 ) 2 Si+e 2 x 1 x 2 -^ex 1 ASi)(dx 4 ) 2 }+3^dx 3 dx 4 +12ex 2 ^(dx 4 ) 2 +^e CT n'i(/ i -/ (7 )((ix ,T ) 2 , 

a 

where 

A = ex 3 + 9(x 4 ), Ei = (/ 5 - ex 4 )" 1 + (/ 6 - ex 4 )- 1 , (19) 

/i = /2 = /3 = fi = ex 4 , /s is a function of the variable x 5 , /6 is a function of the variable 
x 6 , e 4 , e5, eg = ±1, e equal to or 1. 

In this case, nonzero components of the curvature tensor have the following form: R l uifl 
(i ^ n), R% ltl (&i 7^ a i < &i)- Here z = 1, . . . , 6, ai, &i = 1, . . . , 4, v, p, are the indices of 
nonzero components of metric g Vil (18). 

Formula (2) leads to 

i?j; 14 = -Rio-4, i?214 = #2<t4i #224 = 0- (20) 

For the /i-space of the [411] type, 

#114 = P4514, #214 = P4<724, #l CT 4 = Pcr49U, #2ct4 = Pct4<724, 
#224 = 71524 + 72514 + ^2 ~ 

where 

1 y U'.f 1 y (fa? m) 

71 " l^iU-hfg^ 72 " 4^(/ CT -/ 4 )V CT ' 1 j 

Pa and po-4 are determined by (7) when p = 4, a = 5, 6. Therefore, from first two equalities 
of (20), we obtain 

2e 2 

Pa - pa4 = 0, 7i5i4 + = 0. 

Differentiating the last equality with respect to x 1 , one obtains e = 0, hence, 71 = 0. 
Then, from the last equality of (20) it follows that 72 = 0. 

Let us prove that the necessary conditions of constant curvature of the /i-space of the 
[411] type, 

Pa ~ Pa4 = e = 71 = 72 = (22) 



are sufficient. One has 

dip 4 = d 2 p4 = <9 3 /9 4 = 0, 

d 4 p 4 = 6e7i, d a p 4 = -f^ — 

Ju - H 

From these relations and taking into account (22), one obtains p4 = p a 4 = const. Using 
the last equality and the conditions e = 71 = 72 = 0, we can prove that the curvature 
tensor of our space satisfies identities (2) with K = p^ = const. 

6 The /i-space of the [51] type 

Metric of the h-space of the [51] type is defined by the formulas 

g ij dx i dx j = e(/ 6 - ex 5 ){8Adx 1 dx 5 + 2dx 2 dx A + (23) 

2(3ex 3 - AAT 1 i)dx 2 dx b + (dx 3 ) 2 - 2Y> l dx 3 dx A + 2(2ex 2 - 3ex 3 ^ 1 )dx 3 dx 5 + 
2(ex l - 2ex 2 Z 1 )dx 4 dx 5 + 4(3/2ex 1 ex 3 + {ex 2 ) 2 - 2ex 1 AZ 1 - 
3ex 2 ex 3 £i)(dx 5 ) 2 } + e 6 (ex 5 - / 6 ) 5 (dx 6 ) 2 , 

where 

A = ex A + d, Ei = (h ~ ex 5 )' 1 , (24) 

9 is a function of the variable x 5 , /s = ex 5 , fa is a function of the variable x 6 , e5, e6 = ±1, 
e equal to or 1. 

The nonzero components of the curvature tensor have the form R l vijJl (i ^ p), R^X lfl 
{pi ytz p,ai < bi), where i = 1,...,6, a±,bi = 1,...,5, v, p are the indices of nonzero 
components of metric g Ufl (23). Similarly to the previous cases, one can prove that the 
necessary and sufficient condition of constant curvature of the /i-space of the [51] type is 
determined by relations 

fe = e = 0. 



Thus, we come to the following 

Theorem. The 6- dimensional rigid h-spaces V 6 of the [2211], [321], [33], [411] and 
[51] types have the constant curvature if and only if 
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for the h-space of the [2211] type 



Pp Pap — Pp Ppq 



e = e = {p^q,p,q 



2,4,(7 = 5,6), 



(25) 



for the h-space of the [321] type 



/' 6 = e = e = 0, 



(26) 



for the h-space of the [33] type 



e = i = 



(27) 



for the h-space of the [411] type 



P4 - Pa4 



e = 7i = 72 = (a = 5,6), 



(28) 



for the h-space of the [51] type 



f' 6 = e = 0, 



(29) 



where p p , p ap , p pq , 71 and 72 are determined by formulas (7), (21). 

I am grateful to A.V.Aminova for the constant encouragement and discussions. 
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